Let p be a prime, Γ be a finite group, and V be an absolutely irreducible FpΓ-module. Then V has a universal deformation ring R(Γ, V ) whose structure is closely related to the cohomology groups H i (Γ, Hom Fp (V, V )) for i = 1, 2. We consider the case when Γ is an extension of a dihedral group G whose order is relatively prime to p by an elementary abelian p-group N of rank 2. We determine H i (Γ, Hom Fp (V, V )) for i = 1, 2 and also R(Γ, V ) for various V and show to what extent R(Γ, V ) sees the fusion of N in Γ.
Introduction
Let p be a prime, let F p be the field with p elements, and let Z p be the ring of p-adic integers. Let Γ be a finite group, and let V be an absolutely irreducible F p Γ-module. Then V has a so-called universal deformation ring R(Γ, V ). The topological ring R(Γ, V ) is characterized by the property that the isomorphism class of every lift of V over a complete local commutative Noetherian ring R with residue field F p arises from a unique local ring homomorphism α : R(Γ, V ) → R. All these rings R, including R(Γ, V ), are quotient rings of power series algebras over Z p in finitely many commuting variables. Moreover, in the case of R(Γ, V ) the size of this quotient ring can be bounded using the cohomology groups H i (Γ, Hom Fp (V, V )) for i = 1, 2 (see [4, §1.6 ] and also [2, Thm. 2.4] ). For more details on universal deformation rings, see [4] and also section 2.
In this paper, we look at the case when Γ is an extension of a group G whose order is relatively prime to p by an elementary abelian p-group N of rank 2. Note that every absolutely irreducible F p Γ-module V is inflated from an absolutely irreducible F p G-module, which we also denote by V . We consider the question to what extent the universal deformation ring R(Γ, V ) for various absolutely irreducible F p G-modules V recognizes the fusion of N in Γ. (Recall that two elements of N are said to be fused in Γ if they are conjugate in Γ but not in N .) Since, in general, R(Γ, V ) cannot always be readily determined, we also study a variation of this question where we replace R(Γ, V ) by the F pdimension d i V of the cohomology groups H i (Γ, Hom Fp (V, V )) for i = 1, 2. We call an absolutely irreducible F p G-module V 0 cohomologically maximal for Γ if d 2 V0 is maximal among all d 2 V . We answer the above two questions completely in the case when p ≡ 1 (mod n), G is a dihedral group of order 2n, and the action of G on N is given by a two-dimensional irreducible representation φ. More precisely, we determine a set Ω of two-dimensional irreducible representations of G over F p such that for all φ ∈ Ω, the fusion of N in Γ is uniquely determined by the set of the kernels of the action of G on the absolutely irreducible F p G-modules V that are cohomologically maximal for Γ. We further show that the absolutely irreducible F p G-modules V that are cohomologically maximal for Γ coincide with those for which R(Γ, V ) ∼ = Z p . The latter uses a modified argument from [1] . On the other hand, if φ is irreducible but not in Ω, then the fusion of N in Γ cannot be detected by R(Γ, V ), and also not by d
The paper is organized as follows. In section 2, we recall the definitions of deformations and deformation rings, including some basic results. In section 3, we concentrate on the case when Γ is an extension of a finite group G by an elementary abelian p-group of rank 2. We give an explicit formula for the cohomology groups H i (Γ, Hom Fp (V, V )) for i = 1, 2 for all projective F p G-modules V which are viewed as F p Γ-modules by inflation (see Theorem 3.1). In section 4, we prove our main results, Theorem 4.2 and 4.3, on the connection between fusion and universal deformation rings, respectively cohomology groups, in the case when p ≡ 1 (mod n) and G is a dihedral group of order 2n.
Preliminaries
In this section, we give a brief introduction to universal deformation rings and deformations. For more background material, we refer the reader to [4] and [3] .
Let p be a prime number, F p be the field with p elements, and Z p denote the ring of p-adic integers. LetĈ be the category of all complete local commutative Noetherian rings with residue field F p . Note that all rings inĈ have a natural Z p -algebra structure. The morphisms inĈ are continuous Z p -algebra homomorphisms that induce the identity map on F p .
Suppose Γ is a finite group and V is a finitely generated F p Γ-module. A lift of V over an object R inĈ is a pair (M, φ) where M is a finitely generated RΓ-module that is free over R, and φ :
of V over R is called a deformation of V over R, and the set of such deformations is denoted by Def Γ (V, R). The deformation functor
, then we call R(Γ, V ) the universal deformation ring of V and [U (Γ, V ), φ U ] the universal deformation of V . In other words, R(Γ, V ) represents the functor F V in the sense thatF V is naturally isomorphic to HomĈ(R(Γ, V ), −). In the case when the morphism α : R(Γ, V ) → R relative to the lift (M, φ) of V over R is only known to be unique if R is the ring of dual numbers over F p but may be not unique for other R, R(Γ, V ) is called the versal deformation ring of V and [U (Γ, V ), φ U ] is called the versal deformation of V .
By [4] , every finitely generated kΓ-module V has a versal deformation ring
The following result shows the connection between R(Γ, V ) and certain first and second cohomology groups of Γ that are related to V . 
Cohomology
Let p be a prime, and consider a short exact sequence of groups
where N is an elementary abelian p-group of rank two, and G is a finite group. We identify G with Γ/N in the following. Note that the action of G = Γ/N on N corresponds to an F p -representation of G denoted by φ. Let V be a projective F p G-module, and view V also as an F p Γ-module by inflation. Letφ be the contragredient of φ. Let Wφ (resp. W det•(φ) ) denote the F p Γ-module associated toφ (resp. det • (φ)). Let ⊗ stand for the tensor product over F p . We prove the following result. 
In the case when F p G is semisimple, this result will provide a way of using character theory to compute the first and second cohomology groups of Γ with coefficients in Hom Fp (V, V ). To prove Theorem 3.1 we need the following result. .
Proof. Consider the maps
where ∆ c,a (n 1 , n 2 , ..., n i ) = c(n 1 , n 2 , ..., n i )a and e j * is the dual basis element to e j . Then Ψ and Φ are F p G-module homomorphisms that are inverses of each other which restrict to isomorphisms between B i−1 (N, A), and
Thus,
Tensoring the short exact sequence of F p G-modules
is a projective F p G-module for all q 0 ≥ 1 by the above argument, and since H 0 (N, A) ∼ = A N ∼ = A which is also projective, the terms corresponding to
We are now ready to show the main result of the section.
Proof of Theorem 3.1. Recall that V is assumed to be a projective F p G-module, where we identify G with Γ/N . By Proposition 3.2,
Consider the Kummer sequence 1
We consider this sequence as a sequence of ZN -modules with trivial N -action.
Applying the functor Hom Z Γ/N (Z, −) we obtain the long exact sequence ...
Applying the functor Hom Fp (V, V ) ⊗ − , and taking fixed points, we obtain, using Proposition 3.2,
Therefore, Theorem 3.1 follows once we show that
Since N is an elementary abelian p-group which acts trivially on C * ,
It remains to determine the Γ/N -module structure of H 2 (N, C * ). Our result follows after a quick computation, using that H 2 (N, C * ) = N ∧ N. 
In the following sections, we apply the above result to the special case
where F p G is semisimple, F p is a splitting field for G, and V is an irreducible F p G-module. As above, let φ denote the action of G on N . Our goal is to relate the cohomology groups H i (Γ, Hom Fp (V, V )) for i = 1,2 to the fusion of N in Γ.
We need the following definitions. 4 Dihedral Groups
a. For every irreducible
F p G-module V , let d i V = dim Fp (H 1 (Γ, Hom Fp (V, V )) for i=1
Main Result
In this section, we consider the case when Γ/N = G a dihedral group D 2n of order 2n. That is, we have a short exact sequence of groups
where G is dihedral and N is an elementary abelian p-group of rank two. Moreover, we assume F p G is semisimple and F p is a splitting field for G. Again, we let φ denote the action of G on N , and we now assume φ is irreducible. Our main results Theorem 4.2 and 4.3 show how the first and second cohomology groups, respectively the universal deformation rings, associated to certain F p G-modules V , can detect the fusion of N in Γ, i.e. the fusion of φ. Let Rep 2 (G) be a complete set of representatives of isomorphism classes of all 2-dimensional representations of G over F p . Let Irr 2 (G) ⊂ Rep 2 (G) be the subset of isomorphism classes of irreducible 2-dimensional representations. For ρ in Irr 2 (G), let V ρ be an irreducible F p G-module with representation ρ. We consider the standard presentation for G = D 2n , given by r, s|r n , s 2 , srs −1 r . Moreover, we assume p ≡ 1(mod n). Recall that all 2-dimensional irreducible representations of G over F p are of the form: 
Definition 4.1. Define the set map T : Irr
If n is odd, let Ω = Irr 2 (G) = T(Irr 2 (G)). If n is even, let Ω = Irr 2 (G) ∩ T(Irr 2 (G)). Note that in the latter case, for all ψ in Ω, | T −1 (ψ) | = 2. 
Theorem 4.2. If φ ∈ Ω, then the fusion of φ is uniquely determined by the set
Theorems 4.2 and 4.3 say that for φ in Ω, the fusion of N in Γ can be detected by the cohomology groups, respectively the universal deformation rings, in the following sense. Given φ in Ω, we may determine the irreducible representations ψ such that ψ is cohomologically maximal for φ. Additionally, this assignment is reversible. That is, given a collection of irreducible representations that are cohomologically maximal for some φ in Ω, we may determine φ. Moreover, given only the fusion of φ in Ω we can determine the kernels of the representations that are cohomologically maximal for φ. Analagously, this assignment is again reversible. In addition, since ψ is cohomologically maximal for φ in Ω if and only if R(Γ, V ψ ) ≇ Z p , the fusion of N in Γ can also be determined by the knowledge of the universal deformation rings.
Thus, for φ in Ω and ψ in Irr 2 (G) we have the following one-to-one correspondences:
Fusion of φ {ker(ψ) : ψ is cohomologically maximal for φ}
In the following sections we prove our main results.
Cohomology for D 2n
In this subsection we determine H 2 (Γ, Hom Fp (V ψ , V ψ )) for φ in Ω and ψ in Irr 2 (G). We make the same assumptions as before. In particular, p ≡ 1(mod n), which means that F p G is semisimple and F p is a splitting field for G. Recall, we have that T : The proposition follows from the following two lemmas.
as F p G-modules, where F p is the trivial simple F p G-module and χ 1 is the sign representation.
More precisely, identifying
with the adjoint action of θ i we obtain:
Proof. The first two statements a. and b. are clear. Statement c. follows since
as F p G-modules. Note for any φ in Irr 2 (G), we have det • (φ) = χ 1 . Since we assume F p G is semisimple, the F p -dimension of the G-fixed points of any F p Gmodule is the multiplicity of the trivial simple F p G-module as a summand.
Recall that we identify G = Γ/N . By Theorem 3.1 and Corollary 3.3, we have that
It is clear that the trivial simple F p G-module appears as a summand of the second term with multiplicity 1. Additionally, the trivial simple F p G-module is a summand of the first term if and only if V φ ∼ = Vφ ∼ = T(V ), i.e. φ = θ j = T(θ i ).
Observe that we have shown that for all φ not in Ω, H 2 (Γ, Hom Fp (V, V )) is 1-dimensional for every 2-dimensional irreducible F p G-module V . In this case, every V in Irr 2 (G) is cohomologically maximal, thus we cannot detect the fusion of N in Γ by letting V range.
Universal Deformation Rings
In this subsection we determine the universal deformation ring R(Γ, V ) for every 2-dimensional irreduible F p G-module V , which we view as an F p Γ-module by inflation. We continue to assume that F p G is semisimple and F p is a splitting field for G. We use a result from [1, Thm. 3.1] 
Additionally, for any φ in Irr
Proof. By our comments before the statement of the proposition, we only need to consider the case when d 
given by ι((n 1 , n 2 )) = n 1 f + n 2 g = 0 n 1 n 2 0 . Hence, we have a commutative 
Fusion for Dihedral Groups
In this subsection, we determine the fusion of φ ∈ Irr 2 (G), which uniquely determines the fusion of N in Γ when the action of G = Γ/N on N is given by φ (see Definition 3.4).
and only if ω i0j · x = x and ω −i0j · y = y. Thus, for x y ∈ F p * × F p * , the intersection of the stabilizer of x y with r is r n/(n,i0) . Also sr j · x y = x y if and only if x = ω −i0j · y and y = ω i0j · x which happens if and only if y/x ∈ ω i0 . Hence, for x y ∈ F p * × F p * with y/x / ∈ ω i0 , the stabilizer of x y is r n/(n,i0) which implies |Orb x y | = 2n/(i 0 , n). On the other hand, if y/x = ω j0 ∈ ω i0 , then sr j is in the stabilizer if and only if ω i0j = ω i0j0 , if and only if j ≡ j 0 (mod n/(i 0 , n)). Therefore, for these x y , |Stab x y | = 2(i 0 , n), which means |Orb x y | = n/(i 0 , n). Lastly, if exactly one of x, y lies in F p * , then Stab x y = r n/(i0,n) , so |Orb x y | = 2n/(i 0 , n).
Therefore, we see that if G = D 2n and the action of G on N is given by φ = θ i0 , then the fusion of N in Γ depends only on (i 0 , n). Thus, two representations θ i , θ i0 in Irr 2 (G) have the same fusion if and only if (i, n) = (i 0 , n).
Proof of Main Results
In view of the results proved in Sections 4.2, 4.3 and 4.4, to complete the proofs of Theorem 4.2 and 4.3, it remains only to prove the one-to-one correspondence for φ ∈ Ω Fusion of φ {ker(ψ) : ψ is cohomologically maximal for φ}.
We note that for any 1 ≤ i < n 2 , the kernel of θ i is uniquely determined by (i, n). Moreover, we have T(θ i ) = θ 2i if 2i < n 2 θ n−2i otherwise Therefore, for n odd, the result follows since (i, n) = (i 0 , n) when T(θ i ) = θ i0 . In the case when n is even, let θ i0 ∈ Ω, i.e. 1 ≤ i 0 ≤ n 2 − 1 and i 0 = 2d 0 for some d 0 . Moreover, T −1 (θ i0 ) = {θ d0 , θ k−d0 } for k = n 2 . Therefore, for n even, the result follows from the following lemma. 
